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^ Abstract. A family of Friedrichs models under rank one perturbations h^(p), p £ 

^^ , (""", ""l^, M > 0: associated to a system of two particles on the three dimensional lattice 

' Z^ is considered. We prove the existence of a unique eigenvalue below the bottom of 

nJ ' the essential spectrum of h^{p) for all nontrivial values of p under the assumption that 

^~~^ hf_i (0) has either a threshold energy resonance (virtual level) or a threshold eigenvalue. 

, The threshold energy expansion for the Fredholm determinant associated to a family of 

'0^ ' • Friedrichs models is also obtained. 
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1. Introduction 
(N ; 

^ I In the present paper we consider a family of Friedrichs models under rank one perturba- 

^~ ■ tions associated to a system of two particles on the lattice Z^ interacting via pair non-local 

^-j I potentials. 

._!. ■ The main goal of the paper is to give a thorough mathematical treatment of the spectral 

t^ I properties of a family of Friedrichs models in dimension three with emphasis on threshold 

VO ■ energy expansions for the Fredholm determinant associated to the family (see, e.g. LLiJl 

O; |3]El[l3l|^|30l|3l]|34|for relevant discussions and Gil EH IH for the general study of 

C~| ■ the low-lying excitation spectrum for quantum systems on lattices). 

"t^ I These kind of models have been discussed in quantum mechanics I11II14I . solid physics 

g ' lEa EH |26l [Bl and in lattice field theory 12311211 l22l. 

I~l I Threshold energy resonances (virtual levels) for the two-particle Schrodinger operators 

^ ■ have been studied in 1 1 4 3 16 20 341 . Threshold energy expansions for the resolvent of 

two-particle Schrodinger operators have been studied in fli l9l [T6l l20l [T9l l30l 1311 l34l and 
have been applied to the proof of the existence of Efimov's effect in f4''20"30"31"331. 
C^ I Similarly to the lattice Schrodinger operators and in contrast to the continuous Schro- 

dinger operators the family of Friedrichs models h^{p), p e (— tt, tt]'^, fi > depends 
parametrically on the internal binding p, the quasi-momentum, which ranges over a cell of 
the dual lattice and hence it has spectral properties analogous to those of lattice Schrodinger 
operators. 

Let us recall that the spectrum and resonances of the original Friedrichs model and its 
generalizations have been studied and the finiteness of the eigenvalues lying below the 
bottom of the essential spectrum has been proven in ll4lllll[T8ll35l . 

In [21 "221 a peculiar family of Friedrichs models was considered and the appearance of 
eigenvalues for values of the total quasi-momentum p e (— tt, 7r]'^,d — 1, 2 of the system 
lying in a neighbourhood of some particular values of the parameter p has been proven. 
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For a wide class of the two-particle Schrodinger operators only the existence of eigen- 
values of /i^(|5),p G (—TT, tt]'^, for all nonzero values of the quasi-momentumO 7^ p G T^ 
(under the assumption that h{0) has either a zero energy resonance or a zero eigenvalue) 
has been proven in [3J • 

In the present paper two main results. 

First of them gives the existence of a unique eigenvalue ep(p) of h^{p),p e (— tt, tt]'^, 
for all nonzero values of the quasi-momentum 7^ p G T^ (provided that h^{0) has either 
a threshold energy resonance or a threshold eigenvalue) and lower and upper bounds on it. 
The monotonous dependence of the eigenvalue e^{p) on /i ('Theorem l2.15> . 

The second one presents an expansion for the Fredholm determinant resp. the Birman- 
Sch winger operator in powers of the quasi-momentum p G (— vr, tt]"^ in a small (5-neighbor- 
hood of the origin and proving that the Fredholm determinant resp. the Birman-Schwinger 
operator has a differentiable continuation to the bottom of the essential spectrum of /i^ (p) 
as a function of w = {m ~ z)^/^ > for z < m, where 2: G M^ is the spectral parameter 
(Theorem l2.16> . 

We notice that if the functions u resp. (p is analytic on (T'^)^ resp. T'^, then one can ob- 
tain a precise expansion for the Fredholm determinant and the Birman-Schwinger operator 
(see rT6"T9l). 

The structure of the paper is as follows. In Section 2 we state the problem and present 
the main results. Proofs are presented in Section 4 and are based on a series of lemmas in 
Section 3. In Appendix for an important subclass of the family of Friedrichs models we 
shall show that all assumptions in Section 2 are fulfilled. 

Throughout the present paper we adopt the following conventions: T'^ denotes the three- 
dimensional torus, the cube (— tt, tt]'^ with appropriately identified sides. For each S > 
the notation Us{0) = {p G T^ : \p\ < S} stands for a sufficiently small (^-neighborhood of 
the origin. Denote by L2{T'^) the Hilbert space of square-integrable functions on T''. 

Let 'B{9, Us{0)) with 1/2 < 6* < 1, be the Banach spaces of Holder continuous func- 
tions on Us (0) with exponent 9 obtained by the closure of the space of smooth functions / 
on Us (0) with respect to the norm 



/lie = sup 






\f(t)\ + \t-ir\fit)^fi£)\ 



The set of functions / : T'^ ^ M having continuous partial derivatives up to order < n will 
be denoted by C^'''>{T^). In particular C("^(T3) = C{T^). 

2. The model operator h^{p), main assumptions and statement of the 

RESULTS 

Let u be a real- valued essentially bounded function on (T'^)^ and (p he a real-valued 
function in L2{T^)- Let /i be a positive real number 

We introduce the following family of bounded self-adjoint operators (the Friedrichs 
model) hf,{p), p G T^, acting in LslT^) by 

where 

{ho{p)f){q)^u{q,p)f{q), f € L^iT^), 
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and V is non-local interaction operator 



{vf)iq)^ipiq) / ip{t)f{t)dt, /ei2(T^). 

Remark 2.1. In the case where the function u is of the form 

(2.1) u{p,q)^e{p)+e{p-q)+e{q), 

the operator ho{p) is associated to a system of two particles (bosons) moving on the three- 
dimensional lattice 1? and is called the free Hamiltonian, where e(-) is the dispersion 
relations of normal modes associated with the free particle in question. 

Throughout this paper we assume the following additional hypotheses. 

Assumption 2.2. [i) The function u is even on (T'^)^ with respect to {p,q), and has a 
unique non-degenerate minimum at the point (0,0) € (T'^)^ and all third order par- 
tial derivatives of u are continuous on (T'^)^ and their restrictions in ([/^(O))^ belong 
toS(0,(t/,(O))2). 

(m) For some positive definite matrix U and real numbers Z, Zi, I2 (Ji, h > 0, / ^ 0) the 
following equalities hold 

Up«5pO"V.,,=i UpW9<7(^")A,,=i U'ZWS^WA,,^! 

Remark 2.3. The function u is even and has a unique non-degenerate minimum on T'^ and 
hence without loss of generality we assume that the function u has a unique minimum at 
the point [0,0) e (T''')^. 

Remark 2.4. It is easy to see that Assumntion U^ imnlies the inequality I1I2 > P- 

Assumption 2.5. The continuous function tp is either even or odd on T"^ and all second 
order partial derivatives of Lp are continuous on T*^. 

Let C be the field of complex numbers and set 

Up{q) = u{p, q), m = min u{p, q), 

Wmin(p) = mill Up (g), Umin(p) == maxUp(g) 
and 

(2.2) A(p, z)= f ^-[^, p e t3, z e C \ Ki„(p), umaxb)]. 

J Upit) ~ z 

T3 

Remark 2.6. By part (i) ofAssumption \n\ all third order partial derivatives of the func- 
tion A(-,z), z < m, belong to C^'^\T^). 

The function A{p, ■),p £ T^, is increasing in (—00, Umin(p)) and hence the following 
finite or infinite positive limit exists 

(2.3) lim A(p, z) = A(p, Umin(p))- 

Remark 2.7. Since for any p g Us{0), S > 0-sufficiently small, the function Up{-) has a 
unique non-degenerate minimum in T^ (see part (i) ofLemma \3.4l Lebesgue's dominated 
convergence theorem yields the equality 

f (p^{t)dt . , 

A(p,Umin(p)) = / 7-T T^ , p£Us[0). 

J Up(t) ~ UnuniP) 

T3 
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The perturbation v of the muhiphcation operator ho {p) is of rank one and hence, in 
accordance with Weyl's theorem the essential spectrum of the operator /i^i(p) fills the fol- 
lowing interval on the real axis: 

a-ess{hf^{p)) = [Wmin(p),Umax(p)]- 

Remark 2.8. We remark that for some p G T'^ the essential spectrum of h^ (p) may degen- 
erate to the set consisting of the unique point [Mmin(p), u-min{p)\- Because of this we can 
not state that the essential spectrum of h^ (p) is absolutely continuous for any p £ T^ . This 
is the case, e.g. for a function u of the form (I2.lt . where p = (tt, tt, tt) G T^, and 

(2.4) e(q) =: 3-cos(7i -cos(72 -cosqa, g = (gi, (72,q3) S T^. 

Definition 2.9. Assume part («) of Assumption W^ and ld e C''^-'(T'^). The operator hfj^{0) 
is said to have a threshold energy resonance if the number 1 is an eigenvalue of the operator 

J uo[t)-m 

T3 

and the associated eigenfunction ip (up to constant factor) satisfies the condition '0(0) ^ 0. 

Remark 2.10. Assume part (i) of AssumDtion {2?2\ and Assumption Vl.SX 

(i) lfip{0) ^ and the operator h^(0) has a threshold energy resonance, then the function 



(2.5) f{q) = 



uo(<?) -to' 



obeys the equation h^{Q)f — mf and f E Li{T^) \ L2{T^) (see Lemma \3?2\ . 

(ii) If ip(0) — and the threshold z — m is an eigenvalue of the operator h^{0), then 

the function f, defined by ( 12. 5> . obeys the equation /i^(0)/ = mf and f G L2{T'^) (see 

Lemma\33\. 



Set 

/io = A"1(0,to). 

Remark 2.11. Notice that the conditions /i = /iQ and (/3(0) ^ (resp. fi ^ fig and 
fiO) = 0) mean that the operator /i^(0) has threshold energy resonance (see Lemma U^ 
(resp. a threshold eigenvalue of hfj^{0) (see Lemma \3.3\ ). 

Remark 2.12. We note that the bottom z ~ m of the essential spectrum (Jess{h^a{Q)) of 
h^g (0) is either a threshold energy resonance or an eigenvalue for the operator /i^^ (0). 

In order to study the spectral properties of h^ (p) precisely we assume the following 

Assumption 2.13. Assut^ie that: (i) the function A{-,Umin{')) has a unique minimum at 
the origin, i.e. for all ^ p E T^ the following inequality holds 

A(p,u,„i„(p)) - A(0,umi„(0)) > 0. 

(a) the function A(-, m) has a unique maximum at the origin such that for some c > the 
following inequality holds 

A(0,m)- A(p,m) > c|pp, 0^peU&{Q). 
Remark 2.14. If for all ^ p E T^ and a.e. q eT^ the inequality 

Up{q) - Umin(p) < Uo{q) - Umin(O) 



holds, then part (i) of Assumption \2J3\ is obviously fulfilled. In Appendix we shall show 
that for the functions of the form ( 12. H Assumption \2.13\ is fulfilled. 
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The following theorem presents a result characteristic for the two-particle Hamiltonians 
on lattices (see O). 

Theorem 2.15. Assume Assumptions \2.2\\2~5\ and \2.13\ Then for all p G T"^ \ {0} the 
operator /i^g(p) has a unique eigenvalue e^Q(p). One has 

m < e^o(p) < Umm(p), 7^ p e T^. 
(ii) For any pi > /ig the operator h^{p), p e T'^ has a unique eigenvalue e^(p). One has 

e,,{p) < e^o(p) < Wmin(p), O^peT^ 
and 

e^(0) < TO. 

For any p G T^ we define an analytic function A^(p, •) (the Fredholm determinant 
associated to the operator h^{p)) in C\[uinin(p), Umax(p)] by 



A^(p, z) = l-^ij iu{p, t) ~ z)-'^\t)dt. 

Now we formulate a result (threshold energy expansion for the Fredholm determinant) 
of the paper, which is important in the spectral analysis for a model operator associated to 
a system of three-particles on the lattice 1? |6| . 

Theorem 2.16. Assume Assumvtions \2.2\ and \2.5\ 

For any z < Uniin(p) the function Af^{-,z) is of class C"-'(T'') and the following 
decomposition 

A^(p,z) = A^(0,to) + 

2V27rV'^^(0) 



7^ V'«mm(p) - Z + Al^^U-rmnip) - z) + Al'''{p,z), Z < Urninip), P G Us{0), 

q det(t/)2 

holds, where A''^"'' (uminip) - z) = 0{{umin{p) ~ z)^''-+^'>/^) as z -^ Uminip) {z < 
Umin{p)) ond A'^'^*(p, z) — 0(p^) as p -^ uniformly in z < Mmin(p)- 

Remark 2.17. An analogue result has been proven in |4| in the case where Lp{-) = const 
and the function u{-,-) is of the form J2.H , ^^^. 



Corollary 2.18. Assume Assumptions \2.2\ and \2.5\ 

(i) Let the operator /i^^ (0) have a thrshold energy resonance. Then for all p G Us{0) 
and z < m the following decomposition holds 

4V27r2^o<^'(0) 



Apo (p, z) = \ ^"^ ^ ^u^Up)-z + A-;(«„„„(p) -z) + A-;(p, z). 
llAet{U)2 

(ii) Let the threshold z — m be an eigenvalue of h^^ (0). Then for any p ^ Ug (0) and 
z < m the following decomposition holds 

A,,{p, Z) = All^Urmnip) - z) ^ A^ (p, z) . 



Remark 2.19. We see that Corollary \2.18\ sives a threshold energy expansions for the 
Fredholm determinant, leading to different behaviors for a threshold energy resonance 
resp. a threshold eigenvalue. 
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The following Corollary 12.201 (resp. Corollary I2.21> plays a crucial role in the proof 
of the infiniteness (resp. finiteness) of the number of eigenvalues lying below the bottom 
of the essential spectrum for a model operator associated to a system of three-particles on 
three dimensional lattice 1? [6J . 

Corollary 2.20. Assume Assumptions M. 2\ and \2. 5\ Let the operator h^^ (0) have a thresh- 
old energy resonance. Then for some ci, C2 > the following inequalities hold 

(2.6) ciH<A^„(p,m)<C2H, peC/5(0), 

(2.7) A^„(P,"i)>ci, peT^\Us{Q). 



Corollary 2.21. Assume AssumDtions \2.2\ \2.5\ and \2.13\ Let z = m be an eigenvalue of 
hfj,Q (0). Then for some c > the following inequality holds 

Apo(p,TO)>cp^ peUsiO). 

3. Spectral properties of the operator hf^{p) 

In this section we study some spectral properties of the family /i^ (p), p G T^ , with 
emphasis on the threshold energy resonance and a threshold eigenvalue. 

Denote by ro(p, z) = (^o(p) ^ zl)^^, where / is identity operator on L2{T^), the 
resolvent of the operator hf) [p] , that is, the multiplication operator by the function 

(Up(-) - z)"\ Z e C \ [W,nin(p), Umax(p)]- 

From the equality (12. 3> we have 

A^(p, m)= lim Ap(p, z), p e [/^(O). 

2 — >m — 

Lemma 3.1. Assume part (i) of AssumDtion \T2\ and (p E C^'~''{T^). For any /i > and 
p E T'^ the following statements are equivalent: 

(i) the operator h^{p) has an eigenvalue z e C \ [wmin(p), Umax(p)] below the bottom of 
the essential spectrum. 

(ii) A^(p, z) = 0, Z e C \ [Umin(p), Wmax(p)]- 

(Hi) A^(p, z') < for some z' < Mmin(p)- 

Proof. We prove (i) -^ (ii) -^ (in) -^ [ii). From the positivity of v it follows that the 
positive square root of v exists, we shall denote it by w 2 . For any ^ > and p £ T^ the 
number z g C \ [umin(p), Mmax(p)] is an eigenvalue of hf^{p) if and only if A = 1 is an 
eigenvalue of the operator 

Gf^ip, z) = ^iv^roip, z)v^ 
(this follows from the Birman-Schwinger principle). 
Since the operator w 2 is of the form 

{v^-im = ii'/'ir V(9) / ^{t)f{t)dt, f e L2{T') 

the operator G^{p, z) has the form 

(G^P, z)/)(g) ^ ^^^^^^(9) / v{t)f{t)dt. f e i2(T3), 

T3 

where A(p, z) is defined by ( I2.2l i. 
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According to the Fredholm theorem the number A = 1 is an eigenvalue of the operator 

G^{p, z) if and only if A^(p, z) — 0. [i) <=> (m) is proven. 

[ii) ^ {in). Let A,,(p, zq) = for some zq G C \ [umin(p), Wmax(p)]- The operator 
hfi{p) is self-adjoint and hence by (z) <^ (ii) we conclude that zq is a real. For all z > 
Umax{p) we have A^(p, z) > 1 and hence zq G (— oo, Wmiii(p))- Since for any p e T'^ the 
function A^ (p, •) is decreasing in z e (— oo, Mmin(p)) wehave A^(p, z') < A^(p, zq) = 
for some zq < z' < Wmin(p)- 

(Hi) 4^ (ii). Suppose that A^(p, z') < for some z' < Wmin(p)- For any p E T^ we 
have lim A„(p, z) = 1, Am (p, •) is continuous in z G (— oo, Umin(p)) and hence there 

exists Zq € (— oo, z') such that A^(p, zq) = 0. This completes the proof. D 

The following lemmas describe whether the bottom of the essential spectrum of /i,,j, (0) 
is threshold energy resonance or a threshold eigenvalue. 

Lemma 3.2. Assume part (i) of Assumption U^ and ld G !B(0,T"^), ^ < ^ < 1. The 

following statements are equivalent: 

(i) the operator h^ (0) has a threshold energy resonance and 

(3.1) Vmuo{q) - m)-i e Li(T3) \ L2{T^). 

(ii) (^(0) 7^ Oa«<i A^(0,m) = 0. 
(Hi) (/3(0) 7^ and fi = /io- 

Proof. We prove (i) -^ (ii) -^ {Hi) -^ (i). Let the operator ft.^(0) have threshold energy 
resonance for some /i > 0. Then by Definition l2 . 91 the equation 

(3.2) ij{q) = {G^){q), ^eC(T3) 

has a simple solution V'(-) in C{T^), such that ip{Q) ^ 0. 

This solution is equal to the function (p (up to a constant factor) and hence A^ (0 , m) = 
and so /i = //q. 

Let (^(0) 7^ and /i = /io, hence the equality Ap(0, m) = holds. Then the function ip 
is a solution of equation ( I3.2l l. that is, the operator /i^ (0) has a threshold energy resonance. 
Since uo(-) has a unique non-degenerate minimum at p = G T'' and (^(0) ^ the 
inclusion ( 13. U holds. D 



Lemma 3.3. Assume part [i) of Assunwtion xTlTA and ld G 13(0, T), 2 < ^ 5: 1. The 

following statements are equivalent: 

(i) the operator h^ (0) has a threshold eigenvalue. 

(ii) ip{0) = OandAf,{0,m) = 0. 

(Hi) 1^9(0) = and 1.1 — /iq. 

Proof. We prove (i) -^ (ii) -^ {Hi) -^ (i). Suppose / G L2{T^) is an eigenfunction of 
the operator h^{0) associated with the eigenvalue m. Then 

(3.3) {uo{q)-m,)f{q)~M<l)J^it)fit)dt = and J ip{t)f{t)dt ^ 0. 

Hence (13. 3> yields (^(0) = 0. We find that /, except for an arbitrary factor, is given by 

(3.4) f{q)^{uo{q)-m)-'if{q). 



Thus ( 13. 3t implies A^(0, m) = and fi = jiq- 

Let (p(0) = and /i = /io, then A^(0,m-) = and the function /, defined by ( 13.41 1. 
obeys the equation h^{Q)f = mf. Since uq{-) has a unique non-degenerate minimum at 
p = G T3 and (^(0) = we have / G L2{T^). D 
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Lemma 3.4. Assume Assumption \2.2\ be fulfilled. Then there exists a 5-neighborhood 

Us{Q) C T"^ of the point p = anda function qo{-) E C^'^' {Us{0)) such that: 

(i) for any pCzUs{0) the point qoij)) is a unique non-degenerate minimum of Up{-) and 

(3.5) gob) = -rP + 0(bP+«)asp^O. 

'1 

(ii) the function Umini') = U{-,qQ{-)) is even, of class C^^' {Us{0)) and has the asymp- 
totics 

(3.6) u„,„^(p) = rn+^i--^(L/p,p) + 0(H3+«) as p ^ 0. 

(Hi) let for some p e T^ the point qo{p) be a minimum of Up{-) (if the minimum value 
of Up{-) = u{p,-) is attained in several points qo{p) as nearest to G T'^), that is, 
Upiqoip)) = miiiggT^ Upiq)- Then qa{-p) = -qoip)- 

Proof, (i) By the implicit function theorem there exist S > and a function qo(-) G 
C^^-* {Us(0)) such that for any pEUs{0) the point qo{p) is the unique non-degenerate min- 
imum point of Up{-) (see Lemma 3 in II19I V 

Since u{-,-) is even with respect to (p, q) £ (T^)'^ we have 
(3.7) 
Umini-p) = min u^p{q) = min Up{-q) = min Up{q) = min Up{q) = Umin{p),P G T^ 

and hence for all p e Us{0) the equality 
(3.8) 

Upiqoip)) = minMp(q) = Umin{p) = "mm(-p) = u-p{qn{~p)) = Up{-qo{-p)) 

(jGT3 

holds. For each p G Us (0) the point go (p) is the unique non-degenerate minimum of the 
function Up(-) and hence the equality ( 13. 8> yields qo{—p) ~ —qQ{p), p G [/^(O). 

The asymptotics (13. 5> follows from the fact that qo{-) is an odd function and its coeffi- 
cient — p- is calculated using the identity '\/u{p, qoip)) = 0, p G Us{0). 

(ii) The equality Umin[p) = Up{qo{p)) and asymptotics (13. 5> yields asymptotics ( I3.6l l. 

(m«) Since the function Uniin(') is even (see (13. 7» we conclude that if (7o(p) G T'' is 
the minimum point of Up{-) then —qo{p) G T'^ is the minimum point of M_p(-). Hence 

qoi-p) = -qoip)- □ 

Set 

C+ = {z G C : Rez > 0}, R+ = {a; G R : a; > 0}, R^ = R+ U {0}. 

Let u{-, ■) be the function defined on Us{Q) x T'^ as 

u{p, q) = Up{q + qoip)) - Mmin(p). 

For any p G T'^ we define an analytic function D{p,-) in C+ by 

n, X [ ^^{q + qo{p))dq 

D[p,w) = / — — J—. 

J u(p, q) + w^ 

Lemma 3.5. Assume AssumDtion \2.2[ and \2.5\ Then for any w G IR.']_ the f unction D {-,10) is 
of class C*^^-' (C/5 (0)), the right-hand derivative ofD{0, ■)at'w — exists and the following 



THE THRESHOLD EFFECTS FOR A FAMILY OF FRIEDRICHS MODELS... 



decomposition 

D(p, w) = D{0, 0) - I^^ttVW ^ ^ ^,,, ^^^ ^ ^,,3 ^^^ ^^ 

holds, where D^'^^{w) = 0{w^^^) as w —> +0 and D^'^'^{p,w) — OijP') as p ^ 
uniformly in w G R*^ . 

Proof, (i) For any p E Us{Q) the point 50 (p) is the non-degenerate minimum of the func- 
tion Up{-) (see Lemma 1311 and go(-) e C<-^HUs{Q)). Since w„j™(-) G C^^^{Us{0)) by 
definition of !?(•, •) and Assumptions 12. 2l and l2.5l we obtain that the function D{-,'w) is of 
class C^^-' {Us{0)) for any w <E K^, where C*^"-* {Us{0)) can be defined in the same way as 
C(«)(T3). 

One can easily see that 

Up{q + qo{p)) -Uminb) = —{Uq,q) + o{\p\\q\'^) + o(|gp) as \p\,\q\ -^ 0. 
Therefore for some C > and all w G M4_ and i, j ~ 1,2,3 the inequalities hold 

d^ (p^{q + qoip)) 



(3.9) 

and 

(3.10) 



dpidpj uij), q) - w^ 



<C\q\ 



P,qeUs{0) 



52 (p^{q + qo{p)) 



dpidpj u{p, q) - w^ 



<C, peUsiO),qeT''\UsiO). 



Lebesgue's dominated convergence theorem implies that 



92 



-D{p, 0) = lim 



92 



-i?(p,w;),pe[/5(0). 



dpidpj 10^0+ dpidpj 

Repeatedly applying Hadamard's lemma (see II37I V.l, p. 512) we obtain 

3 Q 3 

D{p,w) = D{0,W) + ^ —D{Q,w)p^ + ^ H^J{p,w)p^PJ, 

where for any w G ]R'}_ the functions iJij (•,!«), i, j = 1,2,3 are continuous in ^/^(O) and 

1 /"i /"i 92 
Hij{p,w) = - / D{xiX2P,w)dxidx2. 

^ Jo Jo 'yPi'^Pj 



Estimates (jT^ and dTTO 



give 



\h,Ap,w)\<^ 



1 .1 52 



JO dp^dpj 



D{xiX2P,'w)\dxidx2 < C{l+ / q ^ip'^{q+q{p))dq) 



Us{0) 



for any p G [/^(O) uniformly in w G M*].. 

Since for any w G MP^_ the function D{-,w) is even in f/A-(0) we have 



d 

-^-D{p,w) 
opi 



p=0 



= 0, ii = l,2,3. 



m) Now we show that there exists a right-hand derivative of Z?(0, •) at w = and for 
some C > the following relations hold 

(3.11) lim w-\D{0,w) ~ D{0,0)) = '^^''^ ^'^^^^\ 
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(3.12) \^—D(0,w)~^—D(0,0]\<Cw\ weR°. 

Indeed, the function D{0, •) can be represented as 

D{0,w) ^ Di{w) + D2iw) 
with 

J u{0,q) + w^ 
Us{0) 

and 

D2H = f —fM_^dq, w e C+. 
J U(0,q) + w' 

Since the function u(0, •) is continuous on the compact set T'^ \ Us{Q) and has a unique 
minimum at g = there exists A/i > such that \u{0, q)\ > Mi for all q eT^\ Us{0). 
Then by ip{-) £ C'^) (T^) we have 

ID2M - £'2(0)1 < Cw^, weM.^ 

for some C = C{6) > 0. 
Now, let us consider 

(3.13) Di{w)~Di{0)= I w\{L{0,q) + w'')u{Q,q)]-\''(q)dq. 

Us(0) 

The function u{Q, •) has a unique non-degenerate minimum at q = 0. Therefore, by 
virtue of the Morse lemma (see |12|) there exists a one-to-one mapping q = if; (t) of a 
certain ball u^(0) of radius 7 > with the center at i = to a neighborhood W{Q) of the 
point q = such that 

(3.14) u{0,^{t))=t'^ 

with ■0(0) = and for the Jacobian J^(t) e 'B(6', Us{Q)) of the mapping q — t/j{t) the 
equality holds 

J^(0) = V2l^^{detU)-^. 

In the integral in ( 13.131 1 making a change of variable q — ip{t) and using the equality 
(I3.14> we obtain 



(3.15) Di{w)-Di{0) = -— J 



(0) 



Going over in the integral in ( I3.15> to spherical coordinates t = ru;,we reduce it to the 
form 

w^ n F{r) 

Y Jo r^ +w'^ 
with 



DiH-Di(0) = -— / -^j^dr, 



F(r)= / ip'{4,{rLu))J^,irLj)du, 
where S^ is the unit sphere in M.^ and duj is the element of the unit sphere in this space. 
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Using LP e C(2) (T3) and X^ e '8(6', Us{0)) we see that 
(3.16) \F{r)-FiO)\<Cr^, re[0,6]. 

Applying the inequality ( I3.16t it is easy to see that 

lim ^lH-^l(0) ^2^/2v^/^^^^(0)(&t[/)-i 

Hence we have that there exists a right-hand derivative of _Di (•) at w := and the equality 
( 13. lU and the inequality (|^^} hold. D 

4. Proof of the main results 
The proof of Theorem l2.15l (i) Part (i) resp. part (ii) of Assumption l2. 1 Jl vields 

A^„(p, u^Up)) < A^o(0, m) = 0, ^ p e T3. 

resp. 

A^„ (p, m) > A^„ (0, m) = 0, ^ p e T^. 

Since lim^^-oo A^o(p, z) — I and App(p, •) is monotonously decreasing on (— oo, Wmin(p)) 
we conclude that the function A^q(p, z) has an unique solution ep„(p) in (m, Umin(p))- 
Lemma l3Jl completes the proof of Part (i) of Theorem l2.15l 
(ii) Let jj. > fiQ. We have 

(4.1) A^{p, z) < A^„{p, z) 

for all p G T^, Z < Wmin(p)- 

Set ep„(0) = m. By assertion (i) of Theorem l2.15l and Lemma ITTI vield the value 
of the function ef^g{-) at the point p G T'^ satisfies m < e^^{p) < u^in{p), p ^ 0, and 
™ = ew)(0),P = 0, and A^(,(p,e^o(p)) = 0. 

By (||!T} we have A^{p, e^o(p)) < A^n(p, e^o(p)) = 0,p G T''' and hence by Lemma 
B.ll for any p E T^ there exists the number e^(p) such that 

ep(p) G (-oo,e^„(p)) and A^(0,e^(p)) = 0. 



Hence Lemma l37T1 completes the proof of Theorem l2.15l D 

The proof of Theorem l2.16l follows from Lemma lT51 if we take into account the equal- 
ity Afj,{p,z) = 1 - fj.A{p,z) = 1 - fiD{p, v/umin(p) - z) and that w = {umin{p) ~ 
z)i/2>0forz<M,„„(p). D 

The proof of Corollary 12. ISI follows from Theorem l2.16l and Lemmas lT!2ll3.3l D 
Proof of Corollary 12.201 Let the operator /ip„(0) have a threshold energy resonance 
then ^5(0) ^ (see Lemma lT^ . One has the asymptotics (see part (ii) of Lemma|^3 

u^i^{p)^m+ihl2-l^){2l)-\Up,p)+o{\p\^) as p^O 

and Corollary 12 . 1 8 1 yields (12. 6> for some positive numbers ci, C2. 



The positivity and continuity of the function A^g{-,m) on the compact set T^ \ Us{0) 
implies ( 12.7k D 

Proof of CoroUary imi By Lemmal33lwe have ip{0) = and A^,, (0, m) := 0. Taking 
into account that jiq = A^^(0, m), where the function A(-, •) is defined by ( 12. 2> . we get 
the equality 

A^ob.'Ti) = /io(A(0,m)- A(p,to)). 
Then Assumption l2. 1 3l completes the proof. D 
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5. Appendix 

Here we show that there is some important subclasses of the family of Friedrichs models 
(see, e.g., |l3][71) and for these subclasses the assumptions in Section 2 are fulfilled. 
Let 

(5.1) u{p,q) =e{p)+e{p-q)+e{q), 

where e{p) is a real-valued conditionally negative definite function on T^ and hence 

(i) e is an even function, 
(ii) e{p) has a minimum at p = 0. 
Recall that a complex-valued bounded function e : T'^ ^ C is called conditionally 
negative definite if e{p) — s{~p) and 

n 

(5.2) ^ e{pi -pj)ziZj < 

for any n G N, for all pi,p2, --iPn G T^ and all z = (zi, Z2, ..., 2;„) € C" satisfying 
Er=i ^^ = (see, e.g., OHSU). 

Assumption 5.1. Assume that e{-) is a real-valued conditionally negative definite function 
on T'^ having a unique non-degenerate minimum at the origin and all third order partial 
derivatives of e{-) are continuous and belong to 'B{6, Us{0)). 

Lemma 5.2. Assume Assumption \5.1\ and u{p,q) ~ u{p,q + go(p))- Then part (i) of 
Assumption \2.13\ is fulfilled. 

Proof. {{) By the definition of A{p, Umin(p)) we have 

A(p, Umin(p)) - A(0, M,„i„(0)) 

2{uo{t) - Mmin(O)) - [Upjt) + U^p{t) - 2Minin(p)] 

iUp{t) - Ununip)){u-p(t) - Umin(p))(wo(i) " Umin(O) 

T3 



Lp^{t)dt. 



According to Wp(0) = Mmin(p) for any 7^ p G T^ we arrive to the inequality 

I \ in\^ Up{q)+Up{-q) 3 

which is equivalent to the inequality in Lemma 5 JSj and proves part (i) of Assumption 



Lemma 5.3. Let u{p, q) be of the form ( 15. H . Then part (ii) ofAssumption Un^ is fulfilled. 

Proof. The real-valued (even) conditionally negative definite function e admits the (Levy- 
Khinchin) representation (see, e.g., fS'.'Sl) 

(5.3) £(p) = £(0)+ J2 icos{p,s)-l)eis), peT\, 

sez3\{o} 

which is equivalent to the requirement that the Fourier coefficients i{s) with s 7^ are 
non-positive, that is, 

(5.4) i{s) < 0, s^O, 
and the series X)sez3\/o> ^('^) converges absolutely. 
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Since u and \(f\ are even the function A(-) is also even. Hence the equahty 

^^(^^^ ^ !h^itl+Jhtll = ^ s{s)il + cos{t,s)){l~cosip,s)) 

s£Z3\{0} 

yields the representation 

(5.5) 

A(0,m)-A(p,m)-i J2 (-£(s))(l-cos(p, s)) ( {l + cos{t,s))F{p,t)dt+B{p), 



where 



and 



Set 



sez3\{o} T3 



p. ^ Mp(-)+M-p ■ -2m 2/N 

F\v. ■) = 7 — n — \( — T\ — u — n \'P ■ 

(Mp(-) - m)(M_p(-) - m)(Mo(-) - m) 
4: J {up{t) - m.){u^p{t) - m){uo{t) - m) 

J3 



B{p, s) = / (1 + cos(t, s))F{p, t)dt. 

We rewrite the function B{p, s) as a sum of two functions 

Bf\p,3)^ J {l+cos{t,.3))F{p,t)dt 

T3\Lf,(0) 

and 

bP{p,s)^ J {l + cos{t,.s))F{p,t)dt. 

Let X5(-) be the characteristic function of Us{0)- Choose 5 > such that 

mes{{T^ \ Us{Oj) n supp ^} > 0. 
Set Fs{p, •) = (!- Xs{-))F{p, ■). Then for all p e T^ and a.e. 

t e {T^ \ Us{0)) n supp ^(0 

the function Fs{-, •) is strictly positive. Since the function u has a unique minimum at 
(0,0) and ip is continuous on T^ we have that Fs{p, ■),p G T^ belongs to the Banach 
space i^(T^). Then for some (sufficiently large) R > and (sufficiently small) ci{6) > 
and for all |s| < R, p £ T^ we have the inequality 

Bs^\p,s) - [{l + cos{t,s))Fs{p,t)dt > ci{S) > 0. 



T3 

The Riemann-Lebesgue lemma yields 



Bf\p,s)^ I Fs{p,t)dt>Q,peT^ as s -^ oo. 



f3 

The continuity of the function 



F{p) = J Fs{p,t)dt 

T3 
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on the compact set T'^ yields that for all p £ T"^ and |s| > i? the inequality B^ {p, s) > 
C2{S) holds. 

Thus for c{6) — min{ci{S) , C2{5)} the inequality Bg {p,s) > c holds for all s e 
Z^, p G T^. So Bf\p, s) > 0, s G Z3, p e T^ yields B(p, s) > c, s e Z^ , p e T^. 
Taking into account the inequalities B{p) > 0, p G T"^ and e{s) < 0, s G Z'^ \ {0} (see 
(15. 4» from the representations J5.3> and ( 15. 5> we have 



A(0, to) - A(p, m) > c{e{p) - e(0)). 
This together with the assumptions on £(•) completes the proof of Lemma l531 D 
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